Inverse Trlgonometrlc
Functions

1. Inverse Trigonometric Function Trigonometric functions are many- one function but.
we know inverse of function exists, if function is bijective. If we restrict the domain of
trigonometric function, these become bijective and inverse of trlgonometrlc functlons
are defined within the restricted domain. i

Let y = f(x) = sinx, then its inverse is x=sin' y
NOTE sin~" x should not be confused with (sinx)™ as (sinx)™ =si% orsin”' x =sin™ [l) and similarly for other -
- X

trigonométric functions.
2. Domain and Range of Inverse Trigonometric Functions

Function " Domain ~ Range
(Principal value branches)
sin” x ‘ 1,1 . . [_ n on]
\ : 22
cos™ x 1,11 [0, n]
tan”" x R ' . ];l‘_ [
: 220
cot™ x . R " ' 10, [
cosec™ x COR=(11) | | [_E ] -{0}
' . , 2" 2]
sec™ x . R—(-11) [0, 1 — {E}
2]

3. The value of an inverse trigonometric functions which lies in its principal value branch,
is called the principal value of that inverse trigonometric function.

NOTE Whenever no branch of an inverse trigonometric function is mentioned, it means we have to consider the -
principal value branch of that function. - :
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4. Properties of Inverse Trigonometric Functions - .
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.11 = o a1 1 ‘ :
sin? ==cosec! x; x>1lorx<-1 (ii) cos 11=sec'1x; x>lorx<-1
x - ' : X
a1 cot™ x; x>0
tan™' == o _
X |-m+cot xx<0
sin™! (-x)=—sin"! x;xe[-1, 1] (i) tan!(-x)=-tan! x; xeR

cosec™" (-x) =—cosec™ x;|x|>1 _
cost(=x)=m-cos! x;xe[-1,1] - (i) secr(-x)=m—sec™t x;|x|>1

cott(-x)=n—cot™ x;xeR
et L ' ' .. = L T
sin™! x + cos 1-x=§;x,e[—],.1] . (i) tan~! x+cot 1x=E;xeR

i N _
cosec™! x+sec1x=§;|x|21

sin"! x+sin~! y =sin? (x\/ll—y2 +yV1-x2)

sin! x—sin y =sin " (xy1-y% = yv1-x>)

cos ™ x+cos™! y =cos T (xy —V1-x*1-y?)

costx+cos7ly =cos  (xy +V1-x%1-y?%)

_ o x+
tan"! x+tan™" y=tan 1( y);xy<1

) _ X —
tan”! x—tan™ y =tan 1( y];xy>—1
: _ 1+ xy

= S f1-x?
2];|x|31 (ii) 2tan™'x=cos 1[7)();3(20

=y e 2x
2tan”! x=sin"} | — 5
) 1+x

1+x

' af 2
2tan! x=tan 1( xz];—1<x<1

1-x
' i _ -1 . 1
2sin”! x =sin 1(@xv1-x%);—=<x<—
2 2
2cos”! x=cos}(2x? -1);0<x<1 x
-1 1

3sin x= sin']'(3x—4x3);7s x< )

3cos™! x=cos}(4x3 —Sx);%s x<1

i A - 3 .
3tan~t x = tan~2[ 3X=X_ Tl xe L
: 1-3x2

'3 43
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® . @ sin™ x= COS_l(m) = tan—l[
(i) CQS._I x=sin"'(v1-x%) = tan—l[

(iii) tan!x= sin'{

X -1
=cos
\/1+x2) [

=)
=

5. Following substitution is used to write inverse trigonometrical functions in simplest form.

S. No.

For Substitute
(i) Jai—x? X=asind or x=a cosd
(ii) Jal+ 52 x=atan® or x=a cot®
(i) N ) X=asech or x=0a cosecd
iv) - Ja+ xorda-x

X=a cosO or x=a cos26

6. Remember Points

(i) Sometimes, it may be happen, when we find out the values of x, it may be possible
that, some values of x does not satisfy the given equation.

(ii) While solution of an equation, do not cancel the common factor.

Previous YEQT 5 Exammatzons Questions

71 Mark Questzons

1. Write the principal value of

[cos’1 —\g—?_’ +cos™ (__ %)]

2. Write the value of

tan™t (2) —tan? (ﬂ) ‘
b a+b

3. Write the principal value of
tan™ (1) + cos™ (— %)

4. Write the value of tan (2 tan

al

[Delhi 2013C)

_[Dethi 2013C]

[HOTS; Delhi 2013]

5) [Delhi 2013]

6. Write the

5. Write the value of

o)

[All India 2013]

principal value of
Ctan (V3)—cot™ (—=AB) [All India 2013]

. Write the value of cos™ (%) —2sin! (—%)

[Delhi 2012]

8. Find ‘ the
tan"lw/§ -

principal

value of
<t (-2

[All India 2012]
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9.

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.
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Using the principal values, write the value of
cos™! (—1—) +2 sin”! —1«)
2 2

Write the value of sin [g —sin™? (— l)]

[All India 2012C]

2

[Delhi 2011]
Write the value of tan™ (tan 3%) .
’ ~ [HOTS; Delhi 2011]
Write the value of cos™ (cos 76_n) .

[HOTS; Delhi 2011, 2009; All India 2009]
What is - the  principal

cos” (cos2 )+sm 4 (5in 27,
3 3

[All India 2011, 2008, 2009C]

value of

What is the principal value of ta'r)‘1 (-1)?

[Foreign 2011, 2008C]
Using the principal values, write the value of
B |
sin” | - —
2

[HOTS; All India 2011C]

_1)

>

[Delhi 2011C]
el
> |

Write the principal value of sin™

Write the principal value of sin™

[Delhi 2010]
What is the principal value of sec™ (-2)?
[All India 2010]

What is the domain of the function sin™ x.
[Foreign 2010]

Using the principal values, find the value of

Ccos Ccos

| [All India 2010C]
If tan™ (+/3) + cot™ x = lzt- , then find the value

of x. [All India 2010C]

22.

23.

24.

3n

Write the principal value of sin™ (sin ?) :
[Delhi 2009]
Using the principal values, evaluate
_ i 1
tan™* (1) + sin? (- 5)' [Delht 2009C]

Find the principal value of cos™ (—?J

[All India 2008C]

-* 4 Marks Questions

25.

26.

2.

28.

tan = |sin™? 2X2 +cos™t —1fy2
2 1+x : l+y

Prove that sin“1£+sin'12 =tan 2 7
. 7 - 36,
[Delhi 2013C]
OR .

= _ T
Solve forx tant3x+tant2x ==

[Delhl 2013C, 2009 All india 2009C, 2008]

"

[Delhi 2013]

Find the value of the fqllowmg

|x[<1,y>0andxy<1.
OR
Prove that

tan™t (1) +tan? (1) +tan? (1) =T
2 5 8 4
" [Delhi 2013, All India 2011, 2008C]
4-A7
-

Show that tan (1 sin?. 3)
2 74

OR
Solve the following equation

cos (tan™ x) =sin (cot"1 3)
4 [HOTS; All India 2013]

Prove that

; _1(8) . _1(3) (36)
sin™ | — [+ sin™| = |=cos™
17 5 85

[Delhi 2012, 2010C]



29.

30.

31.

32.

33.

34.

35.

36.

317.

_1(4) A4 12)
cos™| = |+cos™| = |[=cos
5 13
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Prove that

[HOTS; Delhi 2012}

)

[All India 2012, Delhi 2010C, 2009]

Prove that

Prove that

sin~? (6—3) =sin™t (iJ +cos™t i)
65 13 5

[Foreign 2012]
Solve for x,

2tan(sin x) = tan* (2 sec x) , x¢5

[Foreign 2012]
Prove the following -

cot“[‘h +sinx+4/1— 5'”XJ={ xe (0,%)'

J1 + sinx—J] —sinx| 2

[HOTS; Delhi 2011; All India 2009]
Find the value of

tan™! (EJ —tan™? (u)
y x+y)

[Delhi 2011]
Prove that
[‘/m_ \/_‘—X}=_T£_£ cos™ x
Ji+x+J1-x| & 2 '
—~ T £xs
[HOTS; All India 2011, 2010C]
Prove that

2tan™t (—1-) +tan™? (1) =tan™ (3—1)
2). 7 17

[All India 2011; Delhi 2009C, 2008C]

Prove that
L (}-) =2 gin Zﬂ :
8 4 3 4 3

[Forelgn 2011]

38.

39.

40.

41.

42.

43,

44.

45.

46.

47,

48.
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‘Solve following equation for x,

tan™? G—_—)ﬁ) = % tan™t x, x> 0.
+ X

‘[Foreign 2011C, 08C; All India 2010, 2009C]

Prove that
1, 1 4
tantlitant2=2rant
9 2 3 [AllIndia 2011C]
Solve for x,
cos 2sin”t x) = 1 x>0
: 9 [HOTS; All India 2011C],
Prove that '
2tan 2 — tan™ ZoE
31 4 [Delhi 2011C]"
Solve for x,
o 2x a(1-x*) =
tan™t + cot ==,
-1<x<1
[HOTS; Delhi 2011C]
Prove that
tan ™ X = = cos~ (—1———)() ,xe (0, 1).
2 14X [HOTS; Delhi 2010]
Prove that

_1(12) - (3) " (56] '
CcosS —— |+ SIn — | =S5In —
- \13 5 65 J[Delhi 2010]

Prove that
S2x ) a3x=x3
=tan ;
1- xz} (1- 3x2J

[All India 2010]

tan™ x + tan'l[

Prove that

1+ x?

cos [tan™ {sin (cot™ x)}] =

5
2+ X [All India 2010)
Solve for x,

cos™t x +sin™ (KJ 2.
2 6

Prove that -

[Ali India 2010C]

2tan'1'~1—+tan'1}-=£ ,
3 7 4 [All India 2010C]



24

49. Solve for x,

X

tan™ =+ tan™

,w/§>x>0

1X_T
3 4 [Delhi 2010C]

50. Solve forx, ,
tan(x+2) +tant(x —2) = tan™? (%),DO

[Delhi 2010C]
51. Solve for x,
2tan™ (cos x) = tan™ (2 cosec 1) [All India 2009]

52. Prove that

sin™! (é) +sin7* (i) +sint (E) L
5 13 . 65 2

[Delhi 2009]
53. Prove that

tan? (i) +tan™ (i) — tan™? (i)
4L 5 19

T
4

1. cos™ -\/—5- + cos“(— 1)
2 2

o feort)]

[ cos ' (-x)=m —cos™' x]
=E+n_£_n—'|'67_|:_275-_5_7t (1)
6 3 6 6
' : [a (a—b)T
2. tan"(i)—tan"(a—b)=’tan'1 ———lb akp J
b at+b) 1+g(a—b)
. bl\a+b

> tan'A—tan'B= tan"’( A- B)
1+ AB

- tan! a’+ab - ab +b? 1/2)
ab+b?+a*-ab

T
== 1/2
: (1/2)
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[All India 2009C]

54, Prove that

ta n"1 (E)Ha nt (—1-) +tan™? (1)
‘ 3 : 5 7
+tan™? (l) =I
8 4

[All India 2009C; Delhi 2008, 2008C]
‘1x+2cot“1x=2—n-. . A
‘ 3 [Delhi 2009C]

56. Solve for x, tan™* (X;;) +tan™ (X + 1) T
) X—

55. Solve for x, tan

X+ 2 4
[Delhi 2009C]
5%. Solve for x,

tan™ (H_x] =T tan'x0<x<1
1-x) 4 [Delhi 2008C]

3. Q) Firstly, we check the given angle is in principal
. value. If it is not so, then convert it.
After that, use the identity

tan~}(tan6) =0, cos}(cos6) =6

Given that, tan™ (1) + cos™ (—— —21-)

=tan™ (tan )+ cos~ ( cos E)(1/2)
. 4 3
=5 cos"‘[cos (n - E)]
4 - 3

[ Principal value of cos™ is[0, =],

$0 we convert in — cos8 = cos(rt — 0)]

=% o5 cos 2
4 3
T 2
=— 4+ —
4 3
_3n+8n
12
T : 1
= [-cos™" (cos®) =] (1/2)
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4. Given that, , cos"(l =3 sin‘1(— l)
1 : 2 2
2x—

2 5 (1/2) - =cos™ (cos E) -2 sin“‘[sin (— E)]
~(3) b 6
5 .

tan (2 tan™ —;—) = tan|tan™
. Principal value for cos™" x is ©, m)

|:-.-2tan‘1 é:tan‘1 28 ]] and that of sin™" x is [—glﬂ]

T
= tan | tan™’ (2 X 5):| = tan [tan“1 (i [ 6
24 . 12

“+ cos™" (cos8) =6 and sin”" (sin 6) = 6]

| C—
Il
—
N|U'
1l
w|la — w|a

.. 1oy A
_ [ tan (tan™" ©) = ] (1/2) T §= ZT“ )
-1 . -1 3 . .
5. tan™" | 2 sin (2 cos 7)] 8. XD Given expression is not standard identity, so we
L _ . * separately find the value of tan™’(v3) and
=tan™' |2 sin {cos‘1 2.3 _ 1)}] sec”!(-2), then simplify it. -
- L2 ] 4 . We know that, the principal value for tan™" x is
w2 cos ' x=cos ' (2x* -1 '
_ s_x 1 (— —13, E) and that of sec™" x is [0, t] — {E}
=tan"'|2 sin{ -1(3 J} 22 12
o= cos | —-—1
| 2 So, tan™"+/3 — sec”'(-2)-
=tan~"| 2 sin 4 cos™! 1 (1/2) = tan™’ (tan E) - sec‘1(sec2—n)
] 32 3 3
— top—] [ : { -1 TEH [ tanE =+/3 and sec2—1t =- 2]-
=tan |2 sin {cos -cosg 3 -3
T 2%
=tan™' [2 sin E] =tan™'|2 AB) 3 3
. 3 2 .
[- cos™" (cos 6) = 6] T3
~ tan™ ( _"/?:) — tan”] (tan E) _T [~ tan™ (tan 6) = 6 and sec™ (sec©) =6](1)
3 3 9. We know that, the principal value for

[+ tan™" (tan 6) = €] (1/2)

- (1), =w _ 1
cos 1(—) s 1 0 =y
6. tan' (+/3) — cot™' (= 3) . ! 5 ) S g ascos . xe [0, w] and snln >

=tan™" (+/3) - { — cot™" (/3)} ‘ is g assin™' xe [_ T
[ Principal value of cot™'is 10, & [ L _ 2.2
socot™ (-=x) =7 — cot™! x] s cos™! (l) +2 sin“‘(l)
=tan"'V3 -+ cot '3 2 2 .
=@tan'B+cotV3) -m | = cos™! (cos E) +2 sin™ (sin E)'
T s -1 -1 ™ - 3 6
=E—1t=——2—'.'tan X+ cot™ x=—|(1) _ 1
- 2 [ cos—=— and sin % =~
7 + P o . 3 2 6 v 2
7. |() Firstly, we check the given angle is in principal T m 2
* value. If it is so, then use the identity =~ : ==+ =‘_7"_'
sin™!(sin 8) =8 and cos(cos10) =6, 33 3

otherwise to convert in principal value. [+ cos™ (cos 6) =8 and sin~'(sin6) = 6] (1)
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10. We are given that

el

e osin '( 9)—-—sm 9]

n 1
=sin §+ sin sm———

T TC
=sin —+— =sin—=1
3 6 2

[ sin T (sin@) = 0] (1)

NOTE Please be careful that we do not write
sin~'(—sinB) =0

11. Q Firstly, we check the given angle is in principal
® wvalue. If it Is so, then use the identity
tan~'(tan6) =6

Principal value of tan™ 6 is ]— g , gl:

- The principal value of tan™ (tan 3})

= tan™" [tan (n - E)]
4
rr
22
So, we write 3n as T — kid
4 4
= tan™" (— tan E) [
4
=tan™ [tan (— E)]
4
T T T
=——c|-—,=
4 ] 22 [

tan™ (tan EE) =L . (1)
4 4

Here, Zz_ G]—
4
tan (t — 6) = — tan 6]

[ — tan 6 = tan (-0)]

we do not write

tan”’ (tan 3—”) = 3— because ] - .E x r
’ 473l

NOTE Please be careful,

'

Q Firstly, we reduce the quantity 7_1t according to

12.

the interval [0, ] l.e., by using cose cos(2m—6)
dﬂd then use the ldentlty cos’ l(cose) 0.

—

We know that, the principal value of cos™ 0 is
[0, ] .

t
|
|

cos™ (cos —75) =cos™! [cos (21: - 5—75)]
6 6

7n i
v —¢[0,
e [0, m]
.. we can writeasz—n=n—£'
3 3]

1 5 *» cos (21 — 6) = cos 0]

cos™'| cos E) =% (1
6 6

NOTE Please be caréful, we do not write

— ¢[0,m].
6

_1( 71t) n__In
cos™'| cos— |=— as
6 6

13. As the principal value of cos™10is[0, n] and for

sin'0is|- =, =
2 2
_1( 211:) ._1(. Zn)
. CcOS | cos— |+ sin | sin—
3 3
21 Rl ( ﬂ)
=—+sin |sin|T——
3 3
27 T T
k) P
3 [ 2 2]
' . 2W ( n)
S we can write — as | t——
3 3

=2?n+sin (sm 3)[ sin(w —06) =sin@]

2t T
._+_
3 3
T

=T

3

2 [ sin™ (sin®) = 6] (1)

3
14. We know that, the principal value of tan™" (8) is

I3l

_1_=£ 1
tan™' (=1) y 4))
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1A, We know that, the principal value of sin”' 0 is

B O
- ;'»"; .

as sin {(—0) = — sin6

[ sin”" (sin©) = 6]

sin”" [~ E J =_T (1)
. 3

NOTE Please be careful that, we do not write
5in~' (—sin0) =0

because firstly we write this '~ sign in angle side and
then use property,

16. We know that, the principal value of sin™' 8 is

TR
2 /J
" sin”! ( ! J = sin”! ( sin n)
2 6
) ’ ¥ T . T
= sin”! [ﬂn ( ]'t,)l wosin (' ﬂ) = - sin A

6
6 ' .
' as sin(=0) = - sin0

[+ sin”' (sin6) = 6)

sin"(— —1—)=—£ (M
2 6

NOTE Principal value of any inverse function is
unique,
o AR I, TN
17. As principal value of sin™' 8 is [— 5 5]

. _1(\/§J_ i _1(. T{) l . T \6]
£in — |=S8in Sin — SOSIN— = —
2 3 3 2

[ sin”" (sin 0) = 0)

o ‘,/3 | n
. 5N (~‘)~J = ~3 (1)

18. We know that, the principal value of sec™' 9 is
[0, ] - {g—} |
sec” (-2) = sec”’ (— sec g) # _—315
as —Tn ¢[0, ] — {g}

sec”'(-2) = sec” [sec (11: - g)]

[ sec(m —6) =— secH]

=sec”! (sec 2—“) _2r e[o, ] - {E}
3 3

Now,

2
[~ sec”! (sec6) = 6]
2n
2= (m
sec” (-2) 3

19. Thedomainofsin™' xis =1 <x<1 . §))

20. As the principal value of cos™ 0 is [0, 7).

._1( 137t) 130 13w
cos cos—gm # as

[0, m]

Now, cos™' (cos l%E) = cos™! [cos (zn + 2)}

= cos“'(cos g) [ cos(2m +6) = cos 0]

= g [0, n] [ cos™' (cos 8) = 6]
cos™! (cos m) =& (1
. 6 6
21. Giventhat, tan™' 3 + cot™' x = g

-1

T =
= tan 3=§—cot 'x

B _ _ - r
=tan"' V3 =tan"' x [-.-tan 'x + cot ‘x:;]
On equating, we get

x=43 (1

22. As we know that, the principal value of sin™' 6

[ s n]

is|-=,=].

T2

31{)7 3n 3n nom
sinf = ] o [ =g - =, =
T T s s L 22

sin”!
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Now, sin™ (sin 35—75)= sin”! [sin (1: — 2;)]

=sin™ (sin 252) [~ sin(mt—6)=sin@]

- z?n © [_ 3 g] [ sin™" (sin@) = 6] -
- sin”! (sm 3—“) = 2—“ ' (1)
5 5

23. Principal value of tan™' 0 is] - -12£, g [and that
of sin'@is| -~ |
2 2
s tan™' (1) + sin”~! (— 1)
2
=tan™ (tan )+ sin” ( sin E)
4 6

tan£=1and sin£=l
4 6 2

el g) sin [ %)

sin(—0) =—sin0

T T T

"4 6 12
[-tan” (tan6) =0 and sin~" (sin®) =6] (1)

24. cos™ ﬁ =cos™! (cos E) [ cos X = ﬁ]
2 6 6 2

Since, — e [0, =]

{As principal value of cos™ 0 is [0, ni]}

os_1 ﬁ = E (1)
2 6
25. Toprove, sin™ 8 i3t ZZ
1 36

LHS = sin™"2_ 4 sin~1 >
17 5

sl GG o

[osin x+sin”y = sin"(x\/1 —y? +yV1-x2]

_ 8\/ 9 3\/ 64

=sin 1——+— 1-
17 289

=sin”! 16 225 1M
17V V28

4 3 15 _](32 45)

— —-X— sm —_—
17 85 85

(_8_

17

sin 1(2)— ‘1{ 77185 ] Q)]
85

sin”

1—(77/85)

o sinT'x = tan™' = ]
V1-x2
- 77185
J1-5929/7225
— a1 _77/85 _ tan™’ (77/85)
\1296/7225 36 /85

= tan"(zz) (1)
36

OR

. S N N T
Given equation is tan™' 3x + tan™' 2x = 2

= Atan*1(—3x+2x ):E (1
T1-3xx2x 4
~tan A + tan”' B = tan”! A8
1- AB
:tan“( 3X 2)=E=> 3X —tan ™
1-6x2) 4 1-6x? 4
[-tan™' () = ¢ = 6 = tan ¢]
= 5x2=1
1—6x
= 5x=1-6x2 (1
= 6x2+5x—1=0
= 6x2+6x—x—1=0
= 6x(x+17N-1(x+1=0 (1)
= Gx-1)(x+1)=0 ‘
= 6x—1=0 orx+1=0
1
= X=—orx=-1 1
5 ¢))]

But x = — 1does not satisfy the given equation.

.1
Hence, value of x is X



Inverse Trigonometric Functions 29

26. | () Firstly, we use the relation

e _ 2
2tan”!x=sin™ 2 =cos™! 1-x to
1+ x? 1+x2 ) .

convert into tan™! x. So, we use ldentlty relation
tan(tan™'6) =6.

9
tand L sin™? 22X 141 cos™! -y
2 1+x%) 2 1+y?

= tan [2 @2 tan™' %) + (2 tan™ y):| 2)

‘, 7.:_ 2'-4
-»2tan” x = sin” 2X2 = cos | X2
‘ 1+ x T+ x

=tan (tan™" x + tan™'y)

= tan |itan'1 ( Xty )]
1—xy

|: tan” x+tan"'y = tan™ (x_-l_— y ):|
‘ T—xy

=Xty [+ tan(tan™'6) = 6] (2)

1—xy

OR
To prove,

tan™ (l) +tan™ (l) + tan™ (l) =
2 5 : 8

®
" _
LHS = tan™ (l + tan“‘(1] + tan™ (1)
2 5 8

=tan~'| 23 [+ tan™ (é-) (1%)

=tan"' [ =

1
= tan™" ;3 (1%)

(72

[ tan”' x + tan”'y = tan™ (X ty ] , Xy < 1]
1-xy -

=tan™ 56+£3) _ (6—5)
A\72-7 5

=tan (1) =tan (tan£)=£=RHS 4))
4) 3
_ Hence proved.
2'7 To prove, tan(l sin”! 3) 4—_—J—7
2 4 3
LHS = tan (1 sin”! 3] ()
2 4 :
Let o " Laint (-3-)=e | 5D
, 27 (4
s s (3 —20 = sin20=2> (1)
a) 7 . 4
2 tan 0 3
= e
1+ tan*6 4
sin20 = 2tan26
1+tan“0
= _ 8tan0=3+3tan’0 -

= 3tan’6—-8tan0+3=0
Now, by Sridharacharya’s rule -

+.J64 - G
tan6 = J64-36 _8xv28

2X%X3 ' 6
anpo 8t 2J_ 4+47
6 3

= ‘6 = tan™ [4 * ﬁ) :
. 3

[ tah =10 §>e =tan™' 0]

= Lgin (§)=tein‘1 4iﬁ
T2 G 3

[From Eq. (ii)] (1)

Taking (—)ve sign,

o (3= (457

~On taking tan both sides, we get

tan (l sin”! E) =tan {tan™ 4-+7
2 4 3




30
= fan (l sin”! 3) = ‘1:_,‘/.7
24 3
[ tan (tan™" 6) = 6] (1)
LHS =RHS

Hence proved.
OR

Given that, cos(tan™ X) = sin (cot‘1 %)

= sin T_ tan™! x} = sin (cot"1 -3:
2 4

[ sin (g ——6) = cose] )] .

On’equating both sides, we get

T o tan x = cot™ 3 (1
-1 -1 3 =n .
= tan~ x4+ cot” —=— )
4 2
This is only possible when x —%

[ tan™' x + cot x = g ,XE R] (1

i 8 . 13 -1 36
28. 1 ,sin” — +sn'(—-)=cos‘(——)
8. To prove, sin (1 7) 7 T

Let sin"(%) X (i)

and sin"‘(}—) =y (i)
5
= sinx = L3 and siny = 3 (1
17 5
cos? x =1-sin®x
_q_ 64 _225
289 289
5
=7 COS X = 4|—
289
-
=5 COSX = — (1
1
Also,  cos’y=1-sin'y=1~ 55

29.
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6
= cosy = [—
4 25

= cosy=§ (1

Now, we know that,
€os(x +y) = cosx cosy — sinx siny

= cos(x +y) = (TSXi)—(ExE
17 5 17 5

= cos(x+y)_6—0-.2_"'._36
85 85 85
» (36)
= Xx+y=cos | =
85
= sin”! 8, sin”! 3 cos == 36 (1)
17 85

[- From Egs. (i) and (ii)]
Hence proved.

e X X
(7 Firstly, use the relation cos8 = cos® 5" sin? 3 and

sinx = ZSIn% cos% and after that use the relation

tanA —tanB

tan(A -B) = —8M8M—
1+ tanA tanB

and simplify it.

o cosx
\1+ sinx

COs

LHS = tan™

X . aX
22 _sin® =
2

=tan™'

2 X .2 X . X X
Ccos* — + sin“ — + 2 sin— CoSs —
\ 2 2 2 2

2X
21y

. . X X
and sinx =2 sin= cos—
2 2

X a X X . X
€cos— —sin— || cos—+ sm—)
-1 2 2 2 2

2 X .
' COSX = COS™ — —SIn

= tan 3
X . X
COS— + Sin—
( 2 2)
[oa?-b%=(a-b)(a+Db)]
X
COS— — snn—
= tan”!| —2 M
X . X
COS— + SIn—
2 2
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On dividing the numerator and denominator

by cos% , we get’

X .oX
cos= sin=
a2 g2

X X
.COS— COS— 1—tan—
2 2

LHS = tan™ =tan™

X X
cos— sin—
—_ e

X X
COS— COS—
2. 2

1+tanE
-2

T X
tan— — tan—
=tan™’ ———4n 2x ¢)]
1+ tan—=-tan= : i85
4 2
1=tanZ and
) 7
1-tan£=tan£xtan§-
2 4 2

ez

‘.. tanA —tanB
"1+ tanAtanB

= tan(A — B)

T X -1 '
——= rtan” (tan0) =0
4 2 [ ]

=RHS’ - . 1))
~. LHS =RHS
Hence proved.

_,(33)
0S o
65

=y ...(ii)

4 12
= cosx=—and cosy = — 1
5 V=13 el

We know that,
, 16 9

sinx=1-cos?x=1- — = —
25 25

. f9 .
sinx=,— = smx=—

and sin?y =1- cos? y--1—m_£

169 169

30. To prove . _
‘(“J (5)-

cos + COS~
R \13

Let ' ‘ cos(

w CIEN
\_/;/\__/
|

o 0

and cos™ G 2

. 25 . 5
sin =J— = siny=— (1
y 169 )4 13 M

Now, we know that, ‘
cos(x +Y) = cosx cosy — sinxsiny

4 12) (3 5)
— X — X
5 13 5 13

L= cos(x+y)=

_A8 15
65 65
L 33
= cos(x +y)=— (1
(x+y, 65 N _
= X+ cos™!
} y 65
= cos. 4 —+ cos"1 E = cos“1 éi
65

From Egs. (i) and (ii),

' 14 412|(M
X=cos~ gandy Cos

LHS = RHS
Hence proved.
31. To prove;

sin — | =SINn — |+ COS —
65) 13 5

" RHS =sin™ (i) +cos™! (3)
: 13) 5

Let sin'1i=x = sinx=i ...(D)
i 13 13 a

and cos™ .. (i) (1)

E—y = cosiy—2
| 577 5
Also, cos x = 4/1- sin? x

=\/1_2_5’_ 144 _ 12
169 Vi69 13

and siny=1- cos’y

FITEE

We know that,
sin (x +y) = sinx cosy + cos x siny

_5,3,12 4
13 5 13 5
65 65 65

=  x+y=sin" (ﬂ)
- 65

[-sin6=¢=0=sin""¢]
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= sin\ (—5—) + cos™! (E) =sin”! (ﬁ) )
13 5 65

[ From Egs. (i) and (ii)]
LHS =RHS
Hence proved.

32. To solve, 2 tan™' (sin x) = tan™" (2 sec x)

= tan™ ﬂzx— =tan™ 2 1%)
- \1-sin” x cos x

-~ 2tan"'x =tan™ 2x2
S ‘ ; 1—x‘

and secx =

cos X

On comparing, we get

N 2 su21x= 2 o
Ccos” X COSX
= tan x =1 (1/2)
> = T
x=tan (== - (1)
7 .

33. (? Using the relation

1+sinx=coszi+ sin25+ 2sin-x-cosi
’ 2 2 2 2

2
‘= (cosi + sini)
2 2

Forxe(O,E}
e

. 22X . 2X L X X
~ l-sinx=cos® Z+sin? 2 —2sinl cos
: 2 2 2 2

( X x)z
=| cos—=—sin—
2 2

LHS = cot”! J1+sinx +4f1-sinx
1+ sin x = f1-sin x

_\/ 2 2]
X . X X . X
cos = +sin=| +,/| cos = —sin=
(cos i3] +[eos3 -5n3)
2 ‘ 2
X X X . X
cos =+ sin=| —.|| cos = —sin =
\/( 2 2) \/( 2 2)

(%)

= cot™!

X .ox .
cos = + sin X 4 cos X — sin X
=cot™"| —2 2 2 21 )
X . X X . X ’
COS— + sin = — cos = + sin =
2 2 2 2

X
2 cos —

= cot™

== cot™ (cot 5) (1/2)
2 sin— 2

-» The principal value of cot™'xis]0, n [.
cot‘1(cot 5) =4
2 2

- [ "e(‘)’zﬂ: §€(°'§)] n;

LHS =RHS
Hence proved.

NOTEIf x € (0, %) then ,/1—sin x =cos % —sin%
and ifxe (g , n), then ./1-sinx =sin§ —cos%

* Alternate Method .
LHS = cot™! V1+ sinx ++/1— sinx
J1+sinx — \/1-sinx

= cot™! J1+ sinx +4/1— sin x
JT+ sinx — /1= sinx

><\/1+sinx+\/1—sinx)

J1+sinx+J1—sinx

[By rationalising denominator] (1)

=cot"1- (J1+sinx +,i—sinx)? |
L W1+ sinx)? = (1- sin x)?
[-(a+b)(a-b)=a’-b
ot 1 sin X+ 1— sin x + 2v1— sin?x
1+ sinx — 1+ sin x

[ (a+b)®=a®+ b? +2ab]

- cot™! 2 +2cosx
2 sin x ) .
[+ cos x = /1= sin? x] (1)

A | 2cos2X
=c0t"l(1_+_?ﬂ)= cot—1 —2_ (1)

i . X X
Sin.x 2 sin— cos—
2 2

. 9 o
"1+ cos0 = 2 cos? _Q and sin6 =2 smgcos—J
2 2 2
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- cot“[cot§]= X _RHS ‘ — tan”" V2 cos0 -2 sin®
2] 2 : «/2_c059+\/55in6
[+ cot™ (cot 6) =] (1) _ o1 [C050 = sin® -
LHS = RHS Hence proved. cos 0 +sin@
34. Q Using the relation _ On dividing numerator and denominator by
S o o x-y) : cos 6, we get
tan " x—tan _y=tan (1.*.)9;] . v COSG_ Sine
; LHS = tan™" cosO cos® — tan™" 1-tan®©
We have, tan™" | X | - tan™" | X =¥ Cos0 5in 6 1+1tan8
' y X+y ' cos® cosO
X_X=yV | - tan" — tan @ ‘
=tan" | L XY (1%) - =tan™’ _—4——F (n
1+ X.X2Y ; 1+ tan - tan —
y x+y | - T4 |
’ L : = tah X tand| -
e tan'19—tan‘1¢=tan‘1 0-¢ _ [ 1--tanzand1-tan6—tan4 tane]
1+6-¢ , : I |
g -+ Principal value of tan™ ' x is ]— =, —[.
— o] [x (X+y)—y(x—y) | 252
T lyx+y) +xx=y) = tan~" tan [(E _ 9)]
: 4
: 2 2
X+ xy—xy+y
=tan™ (1%) i3
(xy+y2+x2—xy) | - tan(A— B) = tanA—tanB | |
1+ tan A-tanB
.. _ 2 _ _7£ E .
- The principal value of tan™ "x is :l 51 [ P 1 ook | B lcos—'1x
' 4 4 2 2
tan™! x +y2 —tan"') =2 (1 = RH> : . M
y? +x 4 y LHS =RHS Hence proved.
35. To prove ‘ : ‘ NOTE We can also substitute x =cos®, then use

[JH_ F} r_ l cos™ ' x ~ the relation 1+ co.s(-)=2c052§ and
Jlex+i-x| 4 2 ¥ | 2
LHS = finsd LT_\/T—_H/E) 1-cos0 =2sin = to remove root sign.
m " \ﬁt; | 36. Q) Use the relation, 2 tan™* x = tan™ [ 2 2)
J1+c0526—J1—cos26) : 1-x
J1 + C0s20 + J1 — C0s20
[Put x = cos 26]
\/2 cos? 0 — JZ sin 9] @ LHS =2 tan™ (%) +tan”! (%)
\/2 cos® § + \/2 sin” @ - tan™! [2 X (1/2)] N _1_
[ 1+ cos 2A =2 cos? A] 1-(1/2)? 7

_ =9 cin2 Een
1-cos2A=2sin“ A [‘.'Ztan"x tan™ (

=tan™

and then tan'x+ tan™! y=tan™’ Xty
l-xy

-

]} (1%4)
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;
=tan™' | —— [+ tan™’ (1)
‘ 1 . 7
1=~ .
4
=tan~' [ | + tan™ (l)
3/4 7
4 1
1 317
=tan '( )+ tan™ (—)=tan 1.3 (1%)
1 X —
r B ' 3 7
» tan™ x+ tan”'y = tan~! [ XY
| : - \I=xy
28 +3
—tan— | 21 |-t 31_ .
tan -4 tan 17—RHS (D
, 21
LHS = RHS

. Hence proved.
3. Method |

Let sin”' (%) = x and sin™ (%2‘—] =

Then, we get
1 242
sinx=—and siny'=—-—
‘ 3 3
Now, cos? x—-1—sm x—1—'l_—g
COS X = (:cosx—— 1
8 1

Similarly, cos’y=1—-sin*y=1-==—
, Y 4 4 9 9

'I :
Ccosy = .|]— = Cosy=— (1)
Y \/; ) 4 3

Now, sin(x+y)=sinxcosy+ cosxsiny
_1, 1,242 22
3 3 3
_1,8_9_, ()
9 9 9

= sin(x+y)=1=sm§
- Principal value of sin™" x is [— gf g]

X+y=

Na

. = sin™! (l) +sin™ (&) 2oy,
; 3 3 2
l X = sin‘1(1) andy = sin‘{gﬂﬂ
3) 3
= 2 gn (1) +2 gin (ﬁ) _or
4 3 4 3 8

"[Multiplying on bqth sides by 9/4]
2 in (l) 29 gy ——25 (1)
8 4 3 4 3.,

: Hence proved.
Method 1l
-To prove that

9t 9 ._1(1) 9 . _[(242)
——ZsinT = |==sinT | ——
8 4 3) 4 3

-=%sin'1( g} : | (1 |

LHS = RHS
Hence proved.
38. Given equation-is

tan™ G;—)<)=%tan‘1 X, x>0
X :

Z(T—X)
1 1+ x
‘. 1 2
T
1+ x ‘
[ 2tan"x=tan‘1( 2x2)J
‘1—Xx

=tan"' x (1%)
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‘o tan~! 20=x 0+ = tan~" x
‘ 1+x2%-@1-x2

— 2 ‘
= tan™! (2 2X )=tan"‘x'
4x
[ a® = b®=(a - b)(a + b)]
2
N o 5 EA M 1-x? =2x?
2x
= 3x2=1 = x2=l_
' 3
. 1
= X=+ — 1%)
| NE)
But given, x>0
; .
X=—= (1)
. A3

39. To prove, -

w@wﬁﬂ%wﬂm>

Above equation may be written as

2 [tah ] _ (1)

(1/2)

+ tan™!

Now we prove Eq. (ii) as it is equivalent to

(|)

LHS =2 [ tan™’ l)+tan" 3)
i 4 9
: AP
— 4 — .
=2tan” | A2 (1
1-—X—
| 479

9+8-
- 17
=2 11_36
tan T =2 tan~ (34)
36 i
1 ) 2X— .
=2tan"'|=|=tan™ 2 )]
\ 2

[ 2tan”"x =tan” ’( sz]]
1-x

I: tan™' x + tan”'y = tan” (x Ty ):l

40.

35
=tan” | —— | = tan™ (f) = RHS (1%)
-1 .
A '
. LHS =RHS Hence proved.
o 1 .
Given equation is cos (2 sin %= 5 ,X>0...()
Weput sin"'x=y
= X=siny (1/2)
Eq. (i) becomes, cos 2y = % [ siny=x]

= 1-2 si‘n2y=-;- [ cos20=1-2 sin? 6] (1)

= 2siny=1- 128 (1/2)
: 9 9
S 4 gt i
=> Sln = — ﬁ X =— *C Sin =X
y 5 9 [ | y=Xx
Xx=+ = [Taking square root] (1)

But given that, x>0
2 .
X== M
3

Alternate Method
Given equation is

cos (2 sin"'x) = %, x>0
= cos (sin~'2x 1—x2)'=%

[ 2sin” ! x=sin"'(2x 1—x2)] (1

= Cos [cos = \/1 — (2x4/1- xz)z.j 1

9

[+ sin” x = cos™ \/1 -x?] M
= - 4201-x) = % [+ cos (cos™' 6) = 6]
On squaring both sides, we get
81(1—4x* + 4x*) =1
=  324x*-324x*+80=0
8 - 81* +20=0
[divide both sides by 4]

U
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= 8ix*' —45x2 - 36x°+20=0
= 9’ Ox =5 -409x2-5=0

= 9x? =5)(9x* -4 =0
\ , 5 4
= X“==or—
9 9
= x=i£ori—g
3 3
But x>0
x=+£or£ 1
3 3

But here, x=§ do not satisfy the given
equation.

X= % is the only solution. (1)

NOTE While solving an equation, please be careful
on squaring the equation. Sometimes, it may occur
extra value, which do not satisfy the given equation.

2x
to
1-x? )

evaluate 2 tan™ (%) and then apply

X—y and get
1+ xy

41.

<> Firstly, apply 2tan™! x=tan™ (

tan”? x—tan™! y= tan™! (

the desired result.

To prove that

2 tan™ 3)- tan™ (E) =z
4 31) 4
(17

LHS =2 tan™" [ 2| - tan™ (—]
4 31

3
2x71 (17
= tan™! —tan'[—= BN))
tan 9 (31)

16

[ 2 tan”'x = tan™’ ( sz]]
1-x

a1 (312 (17
= fan —_ an
7/16 31

42.
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24 _17

—tan~'|—7_31_

tan 17 A(1)
1+ %2

‘ 1
[ tan™' x - tan”"y = tan™’ ( X~y )]
‘ 1+ xy

— tan”! 24x31-17x7
7xX31+24%x17

1 744-119 - (625)
= tan — |=tan —_—
217 + 408 625
=tan~' M) =tan"" [tan & r 1=tan =~
4 4

+ The principal value of tan™" x is ]'— ;, g[
T
LHS=Z=RHS @

LHS = RHS |
Hence proved.

s — :
() Firstly, write cot™ 1=xT 0t [ | by
) 2x 1

—X

applying formula ot x=tan' L and then
X

proceed further.

Given equation is

2
tan™ (1 2x2]+c0t‘1 (1 2x ):%,—1<x<1

. - 1 "
We know that, cot™ x=tan™ =, so by using
X

 this result, we may write

2
cot™ (1 2:: )= tan™ (1 2X2) (1/2)
-x

- The given equation becomes

tan™ +tan |2 |=E (1/2)
= 2 tan™’ (1 . 2) = g (1/2)
- X
= tan™! 2% 5= T
1—x 6
2x T 1
= 7 = tan —=—=
1-x 6 3
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= 23x=1-x? (1
= x* +23x—1=0
23+ 12+4
=  x=- >
: -b+
[- We know that, x = M where,
: a
, D = b? - 4ac]
23+4 4-2y3 -—4-23
X= = 5 or 3 n

2
= x=2—«/§or—(2+«/§)
But given that —1<x<1, so x=-(2 +4/3) is
rejected.

Hence, x=2 — NE) » 1/2)

43. (? Putvx =tan® = B=tan Vx
: 1-tan®@

and then use cos 20 =
1+ tan?@

To prove, tan~'/x = %cos‘1 (——X), xe (0,1

1+ x
RHS = = cos™" | . (&)2 (1
2 1+ Wx)
On substituting Jx =tan®, we get
_ 2
RHS = cos™ ﬂ]z'—e (1
2 1+ tan“ 6
= % cos™! (cos 26) M
-+ The principal value of cos™ ' x is [0, 7).
a2
w = C0s2A
A 1+ tan® A
= % (20)=6 [~ cos™ (cos 6) = 6]
=tan"" Vx Fo0=tan""/x] (1)
=LHS
RHS=LHS
_ . Hence proved.
Alternate Method

To prove , tan~"/x = 1 cos"(F—X , xe (0,
2 AT+ x

LHS =tan™"Vx = %(2 tan™'Vx)

37

1 [1-x?

= — X COS )

2 [1 + («/i)z]

2
[ 2tan'x = cos"(1 x2 ]]
1+ x
_1 cos—‘(_‘ - ") = RHS @
2 T+ x

~ LHS=RHS Hence proved.

44. Let cos™ 12 x and sin™" 3_ y
13 - 5
3

12
So, cosx=—andsiny == ()]
_ 13 y'5
2
sosinfx=1-cos® x=1- 12) _,_144
13 169 .
=25 [+ sin®0 + cos?0=1] -
169
and
2
2 . 2 3) 9 16
cos“y=1-sin“y=1-|=| =1- —=—
Y Y (5 25 25
. 25 5 16 4
=sinx=,—=-— andcosy=.,|— =—
169 13 25 5(1)

Now, sin(x +y) = sinx cosy + cos xsiny

= sin(x+y)=(ixi)+ Ex2
13 5 13 5

=t — = 1
65 65 65 M

3 sin(x+y)=5—6— = x+y=sin"' 26
65 65

x=cos™ (—1-3) andy ='sin™" 3}
13 5
. cos™! (E) + sin™ (E) =sin™ (5—6 (1)
13 5 65

Hence proved.
45. To prove

tan™ ' x + tan”" 2x2 =tan~! B—X
» 1= x 1-3x2

LHS = tan™' x + tan™" 2x
1- X2
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XA 2’\'"
1 1"",\’2

B 2X
1—-x| =%

(1%)

[ tan”' x + tan”'y = tan™ ( Xty )]
1—xy

o 2
=tan”'| 2 x3+2’; it 2X <1 (%)
1-x% = 2x 1-x
= tan"| 3 —Xz if3x2<1
- 3x
orifx? <1 or|x|<i (1)
3 V3
=RHS
» LHS =RHS Hence proved.
Alternate Method
Let tan™'x=0
Then, x=tan® (1/2)
RHS = tan™" | 2X= x;
1-3x
_1(3tan6—tan’ 0
=tan | ——M8M
1-3tan’0
[ x=tan @] (1%2)
= tan™' (tan 30)
3
o tan 30 = 3tan® te;n 0
1-3tan“0
=30=3tan"'x [+0=tan"'x] (1)
=tan”' x+2 tan”" x
=tan”' X + tan™ [ 2X2) (1)
1-x
-2 tant x = tan™ [ -2 >
1-x
= LHS '
RHS = LHS Hence proved.
46. To prove
2
cos [tan™" {sin (cot™" x)}] = 14X 5
: 2+ X

LHS = cos[tan™! {sin(cot™" x)}]

Let cot' x=0
= X=coto (1/2)
Then, given expression may be written as

cos [tan™! (sin 0)] = cos [‘[an‘1 ( 1 ﬂ (1/2)
. cosec9

[ cosecO = —1—]
sin@ |

= cos | tan™’ N
1/1 +cot? @

[ cosec?® =1+ cot? 6]

= cos | tan™ 1 [ cotO=x]
. \/1 +x?

= Ccos ¢ (1
tan™' L =dortan¢ = !
1+ x 1+ x2
SraY " secO = !
sec ¢ cos 0

[+ tan?6 + 1= sec? 0]

}(1)

_ 1
B 1+ tan? ¢

=_%_‘_|:-.- tanq)—_—
T+ ——

T+ x :
_ 1 1+ x?
\/1+x2+1 2+ x°

1
\/1 + x?

1+ x2
= RHS 4))
LHS =RHS Hence proved.

4'l. We are given that,

cos™ ' x+ sin"',(i) =&
2 6

-1 T .1 X
= C0S X=—=5In  —
6 2
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L% Lo X
= X=CoS|——-5§Inh " —
6 2

n L X
= X = COSs— COoS|SIin  —
6 2

+ sin & sin (sin‘1 5) (1
e 2

[' cos (x = y) = cos X COS

y + sin x siny]

\/5 | X) 1 X
= X=—cos|sin” —|+—
2 2 2 2
[ sin(sin™ '9)=9]
\/5 -1 X2 X
= X = — COS | COS 1-—|+=
2 L 4] 4

2
x_ B X (1)
4 2 4
On squaring both sides, we get
w _3(;_x¥
16 4 4
2 2
= éx2='|-- = —3'X2+—)-<——1
4 4
2 ,
42 =1=x*=1=x==%1 (1)

But x = — 1, do not satisfy the given equation.

Hence, x =1

e))

NOTE While solving an equation, please be careful

on squaring the equation. Sometime

s it may occurs

extra value, which do not satisfy the given equation.

48. To prove 2 tan™ G) + tan™ (1

LHS =2 tan™’ (1) + tan™ (l)
3 7

,)=£
7) 4

()

‘We know that, 2 tan™ x = tan™ [

39

2x
1- x?

Using this identity, we can write

' 2 X 1
2 tan™ (1) = tan™ 3 == tan™" 213
3 1 1- 1
1‘(5) 9
= 2tan” (l) =tan™ (E) (1%)
3 4

On putting the value of 2tan™ G) in Eq. (),

we get

=tan”

LHS =

aw
4>|U~’ +

1
___7— F— tan_
X

[.

=tan

tan™!

i) +tan™ (l)
4 7

it
7 28

stan”' x+tan”'y = tan™ (X b y)]
=xy)]

25 |
1|28 ‘ (1%)

=tan"" (1)

» The principal value of tan™" x is ]— g, g[

s LHS = tah“( tan T ) =2 RHS
4) 4

tan~

+ tan

(1

LHS =RHS
Hence proved.

49. We are given that

3—— x/—>x>0

Using the identity in given equation, we get

tan™'

+

NS |
W | >

NG|

x2

A,
6

[ tan™" x + tan™'y = tan™ (x 24 y)] %)
T-xy )| Sits



40

50.
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3x +2x ‘

=6 5 =tan£=> 5x2=1[ tan£=1]
-X 4 6-x
6

= 5x=6 —x*

= X2 +5x-6=0"

= X2 4+6x—x—6=0

= X(x+6)—1(x+6)=0

= x=1(x+6)=0

= x=1 or —6 (1%)

Butglventhat \/_6—>x>0=>x>0

s X=—6is rejected. - (1

Hence, x =1 s

o Applytan™ x+ tan™! y= tan“l(:"' ’; JInLHSof

given equation and then proceed further to

obtain the desired result.

Given equation is ,
tan”! (x +2) + tan~' (x = 2) = tan™" (—7%) ,x>0

On applying identity in given equation, we get

tan™ [(x+2)+(x 2)} tan™ (—8—) (1%)
T-(x+2)(x-2)| 79

[ tan”' x + tan”'y = tan™" (x+ y) ]
4 1-xy

- 2 |8 /2)
-2 -4 79
[ (a+b)(a—b)=a%-bY
2x 8 . x4
=> _— — [ J—
5-x2 79 5-x2 79
= ' 79x =20 — 4x°
= 4% +79x-20=0
= 4x2 +80x—x—-20=0
= 4x(x+20)-1(x+20)=0
= (4x=1)(x+20)=0
= | x=%or—20 )

But glven that, x>0
: x=-20 is rejected.

1
Hence, x=-— 1
2 4)]

51. Given equation is

52.

=sin”

Vi e ’(4
= Sin —
- 5

2 tan™" (cos X) = tan™" (2 cosec x)
2 cos x

= tan”'| =" |=tan™! L
1- cos? x sin x
[’.'2 tan™! x = tan™ (1 2x

- X

2)] %)

2cosx 2 . )
= = —==——[vsin®x=1-cos’...(J)
sin“x  sinx :
= sinx-cos x —sinx=0
= sinx (cos x — sin x) =
= sinx=0
or COS X = sin x
= sinx=sin0
or cotx=1= cot —
4
. T q
= x=0-orz (1%)

But here at x =0, the given equation does not
exist at Eq. (i).

Hence, x= % is the only solution. (1

To prove

sin™” (i)+ sin”! [i)+sin‘1 1)1
5 13 65) 2
1

LHS = sin”! (4)'+ sin” (5.)+sm (_)

==

[ sin™ x+ sin” y sm’xwh—y +y41-x )]

4>< 144+ xwf + sin”! E

5 169 13

12 5 3) 16
+]=x=||+sin™

13) 1375 65

1(48 15) ._1(16)
—+—|+sin" | —
65 65 65

-

=sin~
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=gN*G§)+gw“Gﬁ) o
65 65

163
=sin
65

Fosin™ x+ sin™'y =sin™ (x J1 —yi 4y J1 - xz)]

_qn1[63 [4225-256
65V 4225

+16 4225-3969 )
V 4225

s {3969
= Sin
4225
63 16 16)
X +

« 256
4225
J16)
65" 65 65 65

;_1'3969-+256) . _1(4225)»
= Sin ————— | =SIn

=sin™!

| 4225 4225
=sin ' () (1

]

-+ The principal value of sin™" x is [— -;:c-,

LHS =sin™’ (sin E) =T
. 2 2

N a

=RHS )
LHS =RHS Hence proved.
Alternate Method

Given equation,

sin"1( )+sm 1(-§—J+sm'1(ﬁ) T ...()
13 2
= sin'1(i)+ sin” (i) L] SIn"1(—1—§—)
5 13 65
=>sin"1( )+sm (i) cos™ 1(—) (i)
13 65

(.' 5 ~sin"'@=cos™ 6) (1)vv

Hence, Egs. (i) and (ii) are equivalent. Now,
we have to prove Eq. (ii).

Let X =sin~ ‘(i)
5

. 4
= sinx=—
5

.1 5 . 5
d =sin 1(—-—-) ‘= siny=— 1
an y 13 y 13 (1

Now, using the identity,

sin?0 + cos?0=1 = c059=\}1—sin29
. cosx—\h—sm x—1/1—E

_ ﬁi,_i
5

and cosy—wh—-sm y= 1—@

144
169 13

Using the identity,

COS (X + y) = COSX - COSY — sin X - siny
3 .12 4_5

5713 5 13
36 20 16

(M

Hence proved.

53. To prove tan™’ (%) + tan”' (g)

LHS = (tan‘1 3 + tan i) —tan —8—
4 5 19
3 3
—_— + —
=tan"'| 43| - tan
-2
20

[ ‘tan” 'x+tan'y = tan~ (x+y)] 8]
o \d=-xy
=tant [27120) _ 1 B
11/20 19

= tan~ (27) tan~ [ 2.
11 19

(1/2)
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27_8
= tan"1 M_. (1)
1+ 3— X i
11 19
stan”' x—tan”y = tan” (x—y)}
1+ xy
51 3-88
- 209
tan™ 209 + 216
S
- 425 209 )
209 425
_ =tan"' (1)
** The principal value of tan = x is}— g, g[
LHS = tan™" [tan (E)] = %))
4)| 4
=RHS.
LHS = RHS
Hence proved.
54, Q Applying the identity,

x*y

1-xy
terms and the last two terms of LHS and then
apply the same identity again to the get the RHS.

To prove tan™ 1 +tan™! [l) + tan™! (l)
3 5 ‘ 7
+tan™" (l) =
8
-1 1 -1 1
LHS = [tan (—) + tan (—):I
3 5
-
{6
| 7 8

On applying the result

tan™! x'+ tan"l’_y=tan’1( ) in first two

N

tan”' x + tan™' y = tan™" x+y} we get
1-xy
1,1 1,1
=tan”'|3 15 +tan”'| Z 18 (1%2)
1- ~ sl

15 ' 56

Chapterwise CBSE Solved Papers Mathematics

I

-1( 8/15 + tan™" 15/56
14/15 - \55/56

tan™ (ﬁ) + tan™ (i
7 11
4 . 3 44 + 21
ey RC TN EPRaRH BTy
i v o I 72w v B
T——x—
7711 77
[ tan™ x + tan”'y = tan™’ (x LY )]
» 1-xy
= tan™! 65/77 ; M
. 65/77
=tan”'()
> The principél value of tan™ " is ]— g, g[
. " LHS= tan"[tan (E):I =—=RHS (1/2)
. 4 4 ‘
LHS = RHS ' '

Hence proved.

55. The given equationis
: -1 -1 271
tan™ x+2 cot™ x=—

We know that,
cot™ x = tan™ A
S X

So, the given equation can be written as

tan™' x + 2 tan™ (l = Z_n
X 3t
1 :
2><; m

2 tan"'@ = tan™ = >
' 1-0

2
X

= tan”' x + tan™

2

1

= . tan”'x+tan" - =
X =1 3
2
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2
= tan”'x+tan”' 22x ==L (1%)
x“ =1 3
2x
X+—
= tan~ | — X = 1|= 2%
x2-1)

[ tan™' x+ tan”'y = tan™ (ﬂ)]
1-xy

X — X+ 2x 2%
=2 ——=tan— 1%
x? —1-2x? 3 . (1%)
X + X ( n)
= 7 =tan| - —
-1-x 3
X+ X T
= —2=—t fid
-1+ x%) v
[+ tan (1t —6) = — tan 6]
2
. x(1+x.)=_
—(1+x? .
= x=A3 : (1

56. The given equation is

-1 x—2 —
"= x+D | 4
(x=2)(x+2)

[ tan™* x + tan™'y = tan™ (x—-'-l)} (1%)
1—-xy

X=NKx+2)+Kx+1)(x=2)
(x=2)(x+2) —tanE

X=2)x+2)—(x—-D(x+1) 4
(x=2)(x+2) '

=

X x=2+x>-x-2 _
(X2 —4) —(x* -1

[ tan%=1and(a—b)(a+b)=a2—bz]

2x? —4=
. -3
2x* - 4=-3
2x*=-3+4=1
' 2x2 =1

1 (%)

L | A

2
‘ 1
=  X=t— (1

1-x
= tan™ k) prePt e Rl 4 1/2)
1-x 4
T+x
= tan™' | ——% i
4

[ tan”' x - tan”'y = tan™ Lx i 4 )](1 14)
. \U+xy

T+ x - e o
= Lﬂ:tanz (1)
T=-x+x+x" - 4
2
= . 1+X2=1 [‘.’tanE=_1:|
T+ x 4
1=1

So, the given equation has many solutions. (1)



